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Abstract
We study the 6-dimensional N = 2 supersymmetric grand unified theories
with gauge group SU(N) and SO(M) on the extra space orbifolds T 2/(Z2)
3
and T 2/(Z2)
4, which can be broken down to the 4-dimensional N = 1 super-
symmetric SU(3)×SU(2)×U(1)n−3 model for the zero modes. We also study
the models which have two SU(2) Higgs doublets (zero modes) from the 6-
dimensional vector multiplet. We give the particle spectra, present the fields,
the number of 4-dimensional supersymmetry and gauge group on the observable
3-brane or 4-brane and discuss some phenomenology for those models. Further-
more, we generalize our procedure for (4 +m)-dimensional N supersymmetric
GUT breaking on the space-time M4 × Tm/(Z2)L.
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1 Introduction
Grand unified theory (GUT) gives us an simple and elegant understanding of the
quantum numbers of the quarks and leptons, and the success of gauge coupling uni-
fication in the Minimal Supersymmetric Standard Model strongly support this idea.
Although the GUT at high energy scale has become widely accepted now, there are
some problems in GUT: the grand unified gauge symmetry breaking mechanism, the
doublet-triplet splitting problem and proton decay.
A new scenario to explain above questions in GUT has been suggested by
Kawamura [1, 2, 3], and further discussed by Altarelli, Barbieri, Feruglio, Hall,
Hebecker, Kawamoto, Normura, and March-Russell [4, 5, 6, 7, 8, 9, 10]. The key
point is that the GUT gauge symmetry exists in 5 or higher dimensions and is bro-
ken down to the Standard Model gauge symmetry for the zero modes by non-trivial
orbifold projection on the multiplets and gauge generators in GUT. The attractive
models have been constructed explicitly, where the supersymmetric 5-dimensional
SU(5) models are broken down to the N=1 supersymmetric Standard Model through
the compactification on S1/(Z2 × Z ′2). The GUT symmetry breaking and doublet-
triplet splitting problems have been solved neatly by the orbifold projection. Recently,
gauge symmetry breaking and supersymmetry breaking due to the orbifold projection
or the Scherk-Schwartz mechanism have been discussed by a lot of papers [11-21]. By
the way, it has been discussed previously that the gauge symmetry and supersymme-
try can be broken due to the Scherk-Schwartz mechanism in string theory with large
extra dimensions [22].
In this paper, we would like to study the N = 2 supersymmetric GUT break-
ing on the space-time M4 × T 2 where M4 is the ordinary 4-dimensional Minkowski
space-time. We assume that the grand unified theory is the higher dimensional the-
ory and valid above the T 2 compactification scale, i. e., at very high energy scale
or temperature. When the energy scale or temperature goes down, the extra space
orbifold becomes compact. And then, the fields in GUT, which do not have the zero
modes due to the orbifold projections, obtain the masses proportional to the T 2 com-
pactification scale and decouple to the 4-dimensional low energy theory. Only the
fields, which have the zero modes, remain in the 4-dimensional low energy theory.
So, the 4-dimensional low energy theory may not preserve the original GUT gauge
symmetry and supersymmetry. We show that the 6-dimensional N = 2 supersym-
metric GUT models can be broken down to the 4-dimensional N = 1 supersymmetric
SU(3)×SU(2)×U(1)n−3 models for the zero modes in the bulk, where n is the rank
of GUT group. In addition, if the Higgs triplets did not have the zero modes and
the Higgs doublets did have the zero modes, we can solve the doublet-triplet splitting
problem for the masses of Higgs triplets are proportional to the T 2 compactifica-
tion scale. And if the T 2 compactfication scale is about 1016 GeV, the proton decay
problem can also be solved. In short, we can break the GUT gauge symmetry and
supersymmetry at low energy scale, and solve the doublet-triplet splitting problem
and proton decay problem in this kind of approach.
As we know, N = 1 6-dimensional supersymmetric theory is chiral, where the
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gaugino (and gravitino) has positive chirality and the matters (hypermultiplets) have
negative chirality, so, it often has anomaly. In order to avoid anomaly, we can consider
the models with no supersymmetry [13] or the models with N = 2 supersymmetry
in the bulk [18, 20, 21]. For the first kind of scenario, we put the gauge field and/or
Higgs fields in the bulk, and the SM fermions on the observable brane. In this kind
of scenario, on the observable brane, the SU(5) gauge symmetry is broken down to
the SU(3)×SU(2)×U(1) gauge symmetry due to the non-trivial orbifold projection,
and there may exist only the zero modes and KK modes of the Standard Model gauge
fields and Higgs fields because we project out not only the zero modes of the non-
Standard Model gauge fields and triplet Higgs fields, but also their KK modes. So,
the extra dimensions can be large and the gauge hierarchy problem can be solved
for there does not exist proton decay problem at all. The second kind of scenario
is the subject of this paper. Our convention is given in section 2. Because N = 2
6-dimensional supersymmetric theory has 16 real supercharges, which corresponds
to N = 4 4-dimensional supersymmetric theory, there are no hypermultiplets in the
bulk. We assume that only the gauge fields are in the bulk, the SM model fermions
and Higgs particles are on the observable 3-brane which is located at the fixed point,
or on the observable 4-brane which is located at the fixed line (boundary) in the extra
space orbifold. In terms of 4-dimensional language, N = 4 vector multiplets have a
vector multiplet Vµ, and three chiral multiplets Σ5, Σ6 and Φ.
First, we will discuss the models without gauge-Higgs unification. We require
that: (1) there are no zero modes for the chiral multiplets Σ5, Σ6 and Φ; (2) the
zero modes for Vµ preserve N = 1 supersymmetry and SU(3) × SU(2) × U(1)n−3
gauge symmetry where n is the rank of the GUT gauge group. So, we introduce two
Z2 parities P
y and P z, which are unit matrix in the adjoint representation of the
GUT gauge group. Considering the zero modes, under P y projection, we can break
the 4-dimensional N = 4 supersymmetry to N = 2 supersymmetry with (V,Σ6)
forming a vector multiplet and (Σ5,Φ) forming a hypermultiplet, and we can break
the 4-dimensional N = 2 supersymmetry to N = 1 supersymmetry further by P z
projection. Moreover, we use additional parity operators P y
′
, P z
′
and P y
′z′ to break
the GUT gauge symmetry. Explicitly, we will discuss two N=2 supersymmetric SU(5)
models on the space-time M4 × T 2/(Z2)3: one is on M4 × (S1/Z2 × S1/Z2)/Z2, the
other is onM4×S1/(Z2)2×S1/Z2. We also discuss the supersymmetric SU(5), SU(6)
and SO(10) models on the space-time M4 × T 2/(Z2)4 by orbifold projections. For
those models, we calculate the mass spectra, list the superfields, the number of the
corresponding 4-dimensional supersymmetry, and the gauge group on the observable
3-brane or 4-brane. The fixed lines are fixed under one projection, so, including the
KK modes, the 4-branes preserve 4-dimensional N = 2 supersymmetry. And the
fixed points are usually fixed under two projections, or in other words, two 4-branes’
intersection, so, the 3-branes preserve 4-dimensional N = 1 supersymmetry, except
for the orbifold T 2/(Z2)
3 = (S1/Z2 × S1/Z2)/Z2, where the vertex is the fixed point
under the projection (y′, z′) ∼ (−y′,−z′), so, the 3-brane at that point preserves
4-dimensional N = 2 supersymmetry.
Moreover, we discuss the gauge-Higgs unification. In this kind of model, we
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require that: (1) there are no zero modes for the chiral multiplets Σ5 and Σ6, and
for the zero modes, the 4-dimensional N = 4 GUT symmetry is broken down to the
N = 1 SU(3) × SU(2) × U(1)n−3 gauge symmetry; (2) considering the zero modes,
there exist only one pair of Higgs doublets from chiral multiplet Φ, because if we
had two pairs of Higgs doublets, we may have the flavour changing neutral current
problem. We discuss the SU(6) models on the space-time M4×T 2/(Z2)3 completely.
We also discuss the SU(6), SU(7) and SO(12) on the space-time M4 × T 2/(Z2)4.
For all of those models, we calculate the superfields, the number of the corresponding
4-dimensional supersymmetry, and the gauge group on the 3-brane and 4-brane. We
also comment on the SU(7) and SO(12) models on the space-time M4 × T 2/(Z2)3
with zero modes from chiral multiplets Σ5 and Σ6.
Furthermore, we discuss some phenomenology of those models. We point out
that for rank n semi-simple group, after those Z2 projections, the minimal gauge
group will be SU(3) × SU(2) × U(1)n−3 because we can not project out the gauge
generators in the Cartan subalgebra. So, we have to break the additional U(1) sym-
metry by introducing extra chiral superfields. CP violations can be introduced if
we considered the complex F -term SUSY breaking [26]. And proton decay can be
avoided by introducing suitable R charges to the fields due to R symmetry, and by
giving the triplet Higgs masses about 1/R1 or 1/R2 at the order of GUT scale through
the projections.
We also generalize our procedure for (4 +m)-dimensional N supersymmetric
GUT with gauge group G breaking on the space-timeM4×Tm/(Z2)L where L ≤ 2m.
Because we can have more Z2 symmetries by introducing more extra dimensions, we
can discuss the higher rank GUT gauge symmetry breaking on the higher dimensional
space-time.
2 N = 2 6D Supersymmetric Gauge Theory and
Convention
We consider the 6-dimensional gauge theory with N = 2 supersymmetry. N = 2
supersymmetric theory in 6-dimension has 16 real supercharges, corresponding to
N = 4 supersymmetry in 4-dimension. So, only the vector multiplet can be introduced
in the bulk. In terms of 4-dimensional N = 1 language, it contains a vector multiplet
V (Aµ, λ1), and three chiral multiplets Σ5, Σ6, and Φ. All of them are in the adjoint
representation of the gauge group. In addition, the Σ5 and Σ6 chiral multiplets contain
the gauge fields A5 and A6 in their lowest components, respectively.
In the Wess-Zumino gauge and 4-dimensional N = 1 language, the bulk action
is [23]
S =
∫
d6x
{
Tr
[∫
d2θ
(
1
4kg2
WαWα + 1
kg2
(
Φ∂5Σ6 − Φ∂6Σ5 − 1√
2
Φ[Σ5,Σ6]
))
3
+H.C.
]
+
∫
d4θ
1
kg2
Tr
[
6∑
i=5
(
(
√
2∂i + Σ
†
i )e
−V (−
√
2∂i + Σi)e
V + ∂ie
−V ∂ie
V
)
+Φ†e−VΦeV
]}
. (1)
And the gauge transformation is given by
eV → eΛeV eΛ† , (2)
Σi → eΛ(Σi −
√
2∂i)e
−Λ, (3)
Φ → eΛΦe−Λ , (4)
where i = 5, 6.
We would like to explain our convention. We consider the 6-dimensional space-
time which can be factorized into a product of the ordinary 4-dimensional Minkowski
space-timeM4, and the torus T 2 which is homeomorphic to S1×S1. The correspond-
ing coordinates for the space-time are xµ, (µ = 0, 1, 2, 3), y ≡ x5 and z ≡ x6. The
radii for the circles along y direction and z direction are R1 and R2, respectively. We
can also define y′ and z′ by y′ ≡ y − piR1/2 and z′ ≡ z − piR2/2. In addition, we
assume that the gauge fields are in the bulk and the SM fermions and Higgs particles
are on the observable 4-brane which can be located at the fixed line (boundary) or
on the observable 3-brane which can be located at the fixed point in the extra space
orbifold. By the way, we define the observable brane as the brane which contains the
Standard Model fermions.
The orbifold T 2/Z2 can be obtained by moduloing three different kinds of
equivalent classes:
(1) y ∼ −y ; (2) z ∼ −z ; (3) (y, z) ∼ (−y,−z) , (5)
which exactly speaking correspond to S1/Z2×S1, S1×S1/Z2 and T 2/Z2, respectively.
And the orbifold T 2/(Z2)
2 can be obtained by moduloing six different kinds
of equivalent classes
y ∼ −y , y′ ∼ −y′ , (6)
z ∼ −z , z′ ∼ −z′ , (7)
y ∼ −y , z ∼ −z , (8)
(y, z) ∼ (−y,−z) , (y′, z′) ∼ (−y′,−z′) , (9)
(y, z) ∼ (−y,−z) , y′ ∼ −y′ , (10)
(y, z) ∼ (−y,−z) , z′ ∼ −z′ , (11)
which exactly speaking correspond to S1/(Z2)
2 × S1, S1 × S1/(Z2)2, S1/Z2 × S1/Z2,
(T 2/Z2)/Z2, (S
1/Z2 × S1)/Z2, (S1 × S1/Z2)/Z2, respectively. By the way, because
the translations: y −→ y± piR1/2 and z −→ z± piR2/2, are invariant in the covering
space S1 × S1 or R1 ×R1 if we pull back, we consider {y ∼ −y, (y′, z) ∼ (−y′,−z)}
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and {z ∼ −z, (y, z′) ∼ (−y,−z′)} are equivalent to {(y, z) ∼ (−y,−z), y′ ∼ −y′}
and {(y, z) ∼ (−y,−z) , z′ ∼ −z′}, respectively.
In addition, the orbifold T 2/(Z2)
3 can also be obtained by moduloing three
different kinds of equivalent classes
y ∼ −y , z ∼ −z , y′ ∼ −y′ , (12)
y ∼ −y , z ∼ −z , z′ ∼ −z′ , (13)
y ∼ −y , z ∼ −z , (y′, z′) ∼ (−y′,−z′) , (14)
which exactly speaking correspond to S1/(Z2)
2 × S1/Z2, S1/Z2 × S1/(Z2)2, and
(S1/Z2 × S1/Z2)/Z2, respectively. By the way, we consider {(y, z) ∼ (−y,−z), y′ ∼
−y′, z′ ∼ −z′} is equivalent to {y ∼ −y, z ∼ −z, (y′, z′) ∼ (−y′,−z′)} due to the
translation (y −→ y ± piR1/2 and z −→ z ± piR2/2) invariant in the covering space.
Moreover, there exists one T 2/(Z2)
4 by moduloing the equivalent classes
y ∼ −y , z ∼ −z , y′ ∼ −y′ , z′ ∼ −z′ . (15)
By the way, one may ask whether one can define y′′ and z′′ by y′′ ≡ y−piR1/4
and z′′ ≡ z−piR2/4, and introduce the equivalent classes, for example, like y′′ ∼ −y′′,
z′′ ∼ −z′′ or (y′′, z′′) ∼ (−y′′,−z′′). However, the extra Z ′′2 symmetry is equivalent to
the Z2 or Z
′
2 symmetry because we can have at most two non-equivalent Z2 reflection
symmetries along one extra dimension [24].
For a generic bulk field φ(xµ, y, z), we can define six parity operators P y, P z,
P yz, P y
′
, P z
′
, and P y
′z′ (only 4 of them are independent), respectively,
φ(xµ, y, z) → φ(xµ,−y, z) = P yφ(xµ, y, z) , (16)
φ(xµ, y, z) → φ(xµ, y,−z) = P zφ(xµ, y, z) , (17)
φ(xµ, y, z) → φ(xµ,−y,−z) = P yzφ(xµ, y, z) , (18)
φ(xµ, y′, z′) → φ(xµ,−y′, z′) = P y′φ(xµ, y′, z′) , (19)
φ(xµ, y′, z′) → φ(xµ, y′,−z′) = P z′φ(xµ, y′, z′) , (20)
φ(xµ, y′, z′) → φ(xµ,−y′,−z′) = P y′z′φ(xµ, y′, z′) . (21)
From the bulk action, we obtain that under the transformations of P y, P z and
P yz, the vector multiplet transforms as
V (xµ,−y, z) = P yV (xµ, y, z)(P y)−1 , (22)
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Σ5(x
µ,−y, z) = −P yΣ5(xµ, y, z)(P y)−1 , (23)
Σ6(x
µ,−y, z) = P yΣ6(xµ, y, z)(P y)−1 , (24)
Φ(xµ,−y, z) = −P yΦ(xµ, y, z)(P y)−1 , (25)
V (xµ, y,−z) = P zV (xµ, y, z)(P z)−1 , (26)
Σ5(x
µ, y,−z) = P zΣ5(xµ, y, z)(P z)−1 , (27)
Σ6(x
µ, y,−z) = −P zΣ6(xµ, y, z)(P z)−1 , (28)
Φ(xµ, y,−z) = −P zΦ(xµ, y, z)(P z)−1 , (29)
V (xµ,−y,−z) = P yzV (xµ, y, z)(P yz)−1 , (30)
Σ5(x
µ,−y,−z) = −P yzΣ5(xµ, y, z)(P yz)−1 , (31)
Σ6(x
µ,−y,−z) = −P yzΣ6(xµ, y, z)(P yz)−1 , (32)
Φ(xµ,−y,−z) = P yzΦ(xµ, y, z)(P yz)−1 . (33)
And under parity operators P y
′
, P z
′
and P y
′z′, the vector multiplet transformations
are similar to those under P y, P z and P yz.
In addition, for group G with unit element e in the adjoint representation, we
define
G/P y
′ ≡ G/{e, P y′} , (34)
G/{P y′ ∪ P z′} ≡ G/{e, P y′} ∩G/{e, P z′} , (35)
similar for the others.
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3 N=2 Supersymmetric SU(5) on M 4 × T 2/(Z2)3
In this section, we would like to discuss N = 2 supersymmetric SU(5) model on the
space-time M4 × T 2/(Z2)3 without gauge-Higgs unification. We require that: (1)
there are no zero modes for chiral multiplets Σ5, Σ6 and Φ; (2) for the zero modes,
we only have 4-dimensional N = 1 SU(3)× SU(2)× U(1) gauge symmetry.
We will discuss SU(5) models on various orbifolds in detail, because it is easy
to generalize our procedure to other higher rank gauge group SU(N) (N > 5), SO(M)
(M ≥ 10), E6, E7 and E8 by introducing more Z2 projections. We will choose the
matrix representations in the adjoint representation for P y and P z as unit matrix, i.
e., diag(+1,+1,+1,+1,+1). Considering the zero modes, under P y projection, we
can break the 4-dimensional N = 4 supersymmetry to N = 2 supersymmetry with
(V,Σ6) forming a vector multiplet and (Σ5,Φ) forming a hypermultiplet, and we can
break the 4-dimensional N = 2 supersymmetry to N = 1 supersymmetry further by
P z projection.
3.1 SU(5) on M4 × (S1/Z2 × S1/Z2)/Z2
First, we will consider the T 2/(Z2)
3 obtained by T 2 moduloing the equivalent classes:
y ∼ −y, z ∼ −z, (y′, z′) ∼ (−y′,−z′). The three non-equivalent fixed points at
which the observable 3-brane can be located are (y = 0, z = 0), (y = 0, z = piR2)
and (y = piR1/2, z = piR2/2), where the first two points are fixed under the first two
projections (y ∼ −y and z ∼ −z) and the last one is fixed under the last projection
((y′, z′) ∼ (−y′,−z′)). Moreover, the two fixed lines at which the observable 4-brane
can be located are y = 0 and z = 0. The extra space orbifold is (S1/Z2× S1/Z2)/Z2,
which is a cone with vertex (y = piR1/2, z = piR2/2) and two boundaries {(y, z)|y =
0, z ∈ [0, piR2]} and {(y, z)|y ∈ [0, piR1], z = 0}.
For a generic bulk field φ(xµ, y, z), we can define three parity operators P y, P z
and P y
′z′, respectively. Denoting the field with (P y, P z, P y
′z′)=(±,±,±) by φ±±±,
we can obtain the KK mode expansions, which are given in Appendix A.
We choose the following matrix representations for parity operators P y, P z
and P y
′z′, which are expressed in the adjoint representation of SU(5)
P y = diag(+1,+1,+1,+1,+1) , P z = diag(+1,+1,+1,+1,+1) , (36)
P y
′z′ = diag(−1,−1,−1,+1,+1) . (37)
In addition, under P y
′z′ parity, the SU(5) gauge generators TA where A=1,
2, ..., 24 for SU(5) are separated into two sets: T a are the gauge generators for the
Standard Model gauge group, and T aˆ are the other broken gauge generators
P y T a (P y)−1 = T a , P y T aˆ (P y)−1 = T aˆ , (38)
P z T a (P z)−1 = T a , P z T aˆ (P z)−1 = T aˆ , (39)
P y
′z′ T a (P y
′z′)−1 = T a , P y
′z′ T aˆ (P y
′z′)−1 = −T aˆ . (40)
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Table 1: Parity assignment and masses (n ≥ 0, m ≥ 0) for the vector multiplet
in the SU(5) model on (S1/Z2 × S1/Z2)/Z2. The index a labels the unbroken
SU(3)×SU(2)×U(1) gauge generators, while aˆ labels the other broken SU(5) gauge
generators.
(P y, P z, P y
′z′) field mass
(+,+,+) V aµ
√
(2n)2/R21 + (2m)
2/R22 or
√
(2n+ 1)2/R21 + (2m+ 1)
2/R22
(+,+,−) V aˆµ
√
(2n+ 1)2/R21 + (2m)
2/R22 or
√
(2n)2/R21 + (2m+ 1)
2/R22
(−,+,−) Σa5
√
(2n+ 2)2/R21 + (2m)
2/R22 or
√
(2n+ 1)2/R21 + (2m+ 1)
2/R22
(−,+,+) Σaˆ5
√
(2n+ 1)2/R21 + (2m)
2/R22 or
√
(2n+ 2)2/R21 + (2m+ 1)
2/R22
(+,−,−) Σa6
√
(2n)2/R21 + (2m+ 2)
2/R22 or
√
(2n+ 1)2/R21 + (2m+ 1)
2/R22
(+,−,+) Σaˆ6
√
(2n)2/R21 + (2m+ 1)
2/R22 or
√
(2n+ 1)2/R21 + (2m+ 2)
2/R22
(−,−,+) Φa
√
(2n + 1)2/R21 + (2m+ 1)
2/R22 or
√
(2n+ 2)2/R21 + (2m+ 2)
2/R22
(−,−,−) Φaˆ
√
(2n + 2)2/R21 + (2m+ 1)
2/R22 or
√
(2n+ 1)2/R21 + (2m+ 2)
2/R22
It is not difficult to obtain the particle spectra, which are given in Table 1.
We also present the gauge superfields, the number of 4-dimensional supersymmetry,
and gauge group on the 3-brane or 4-brane in Table 2. Usually, the fixed lines are
fixed under one projection, and the fixed points are fixed under two projections if
they were at two fixed lines’ intersections, so, including the KK modes, the number
of 4-dimensional supersymmetry is N = 1 on the 3-branes at the fixed points, and
N = 2 on the 4-branes at the fixed lines. However, (y = piR1/2, z = piR2/2) is the
fixed point under one projection, so, the 3-brane at that fixed point has N = 2 4-
dimensional supersymmetry or 8 real supercharges. Considering the zero modes, the
4-dimensional N = 4 SU(5) gauge symmetry is broken down to the N = 1 Standard
Model gauge symmetry, i. e., SU(5)/P y
′z′ = SU(3) × SU(2) × U(1). If we put the
Standard Model fermions on the observable 3-brane at (0, 0) or (0, piR2), the gauge
symmetry (including the KK modes) is SU(5). In order to give the Higgs triplet
large mass to avoid the proton decay, we will have to put the two Higgs 5-plets on
the 4-brane at y = 0 or z = 0 to give them masses about 1/R1 or 1/R2, which is at
the order of unification scale. Moreover, if we put the Standard Model fermions on
the observable 3-brane at (piR1/2, piR2/2), the gauge symmetry (including the KK
modes) is N = 2 SU(3) × SU(2) × U(1) (for zero modes, N = 1), we can put the
two Higgs doublets on the observable 3-brane or put the two Higgs 5-plets on the
4-brane at y = 0 or z = 0. The GUT scale can be at TeV scale if we considered the
SM fermions do not form the full 10i + 5¯i SU(5) multiplets where i is the generation
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Table 2: For the model SU(5) on (S1/Z2 × S1/Z2)/Z2, the gauge superfields, the
number of 4-dimensional supersymmetry and gauge symmetry on the 3-brane, which
is located at the fixed point (y = 0, z = 0), (y = 0, z = piR2), and (y = piR1/2, z =
piR2/2), and on the 4-brane which is located at the fixed line y = 0 and z = 0.
Brane Position Fields SUSY Gauge Symmetry
(0, 0) V Aµ N = 1 SU(5)
(0, piR2) V
A
µ N=1 SU(5)
(piR1/2, piR2/2) V
a
µ , Σ
aˆ
5, Σ
aˆ
6, Φ
a N=2 SU(3)× SU(2)× U(1)
y = 0 V Aµ , Σ
A
6 N=2 SU(5)
z = 0 V Aµ , Σ
A
5 N=2 SU(5)
index because there are no proton decay problem at all. The wrong prediction of the
first and second generation mass ratio in the usual 4-dimensional SU(5) is avoided,
and we will have rich physics at TeV scale. However, we lose the charge quantization
in the usual 4-dimensional SU(5) models. If we considered the SM fermions form the
full 10i + 5¯i SU(5) multiplets, the KK modes of Σaˆ5 and Σ
aˆ
6 can induce the proton
decay by box diagram, so, the GUT scale can not be much lower than 1016 GeV.
Furthermore, if we put the SM fermions and two Higgs 5-plets on the observable
4-branes at y = 0 or z = 0, we will double 10i + 5¯i SU(5) hypermultiplets, and each
generation comes from two 10+5¯ hypermultiplets due to the choice of projection. We
still have the charge quantization and do not have the wrong prediction of the first
and second generation mass ratio in the usual 4-dimensional SU(5). The proton decay
through dimension 5 operators can be avoided by suitable choice of U(1)R charge for
the particles. And the proton decay through dimension 6 operators by exchange the
gauge fields or scalar Higgs are absent at tree level, but, we do have the box diagram
for proton decay, for example, exchange X and Y in the mean time, therefore, the
GUT scale can not be much lower than 1016 GeV.
3.2 SU(5) on M4 × S1/(Z2)2 × S1/Z2
Second, we will consider the T 2/(Z2)
3 obtained by T 2 moduloing the equivalent
classes: y ∼ −y, z ∼ −z, y′ ∼ −y′. The fixed points are (y = 0, z = 0),
(y = 0, z = piR2), (y = piR1/2, z = 0) and (y = piR1/2, z = piR2), and the fixed
lines are y = 0, z = 0, y = piR1/2 and z = piR2. The extra space orbifold is a
rectangle.
For a generic bulk field φ(xµ, y, z), we can define three parity operators P y,
P y
′
and P z, respectively. Denoting the field with (P y, P y
′
, P z)=(±,±,±) by φ±±±,
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Table 3: Parity assignment and masses (n ≥ 0, m ≥ 0) for the vector multiplet in the
SU(5) model on S1/(Z2)
2 × S1/Z2.
(P y, P y
′
, P z) field mass
(+,+,+) V aµ
√
(2n)2/R21 + (m)
2/R22
(+,−,+) V aˆµ
√
(2n+ 1)2/R21 + (m)
2/R22
(−,−,+) Σa5
√
(2n+ 2)2/R21 + (m)
2/R22
(−,+,+) Σaˆ5
√
(2n+ 1)2/R21 + (m)
2/R22
(+,+,−) Σa6
√
(2n)2/R21 + (m+ 1)
2/R22
(+,−,−) Σaˆ6
√
(2n+ 1)2/R21 + (m+ 1)
2/R22
(−,−,−) Φa
√
(2n+ 2)2/R21 + (m+ 1)
2/R22
(−,+,−) Φaˆ
√
(2n+ 1)2/R21 + (m+ 1)
2/R22
we can obtain the KK mode expansions, which are given in Appendix B.
We choose the following matrix representations for the parity operators P y,
P y
′
and P z, which are expressed in the adjoint representation of SU(5)
P y = diag(+1,+1,+1,+1,+1) , P z = diag(+1,+1,+1,+1,+1) , (41)
P y
′
= diag(−1,−1,−1,+1,+1) . (42)
Similarly, under P y
′
parity, the SU(5) gauge generators TA where A=1, 2, ...,
24 for SU(5) are separated into two sets: T a are the gauge generators for the Standard
Model gauge group, and T aˆ are the other broken gauge generators
P y T a (P y)−1 = T a , P y T aˆ (P y)−1 = T aˆ , (43)
P z T a (P z)−1 = T a , P z T aˆ (P z)−1 = T aˆ , (44)
P y
′
T a (P y
′
)−1 = T a , P y
′
T aˆ (P y
′
)−1 = −T aˆ . (45)
The particle spectra are given in Table 3. We also present the gauge superfields,
the number of 4-dimensional supersymmetry, and gauge group on the 3-brane or 4-
brane in Table 4. Including the KK modes, the 3-brane and 4-brane preserve N = 1
and N = 2 supersymmetry, respectively. Considering only the zero modes, the bulk
4-dimensional N = 4 SU(5) gauge symmetry is broken down to the N = 1 SM gauge
symmetry. The phenomenology discussions are similar to those in above subsection,
so we will not repeat them here.
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Table 4: For the model SU(5) on S1/(Z2)
2×S1/Z2, the gauge superfields, the number
of 4-dimensional supersymmetry and gauge symmetry on the 3-brane, which is located
at the fixed point (y = 0, z = 0), (y = 0, z = piR2), (y = piR1/2, z = 0), and
(y = piR1/2, z = piR2), and on the 4-brane which is located at the fixed line y = 0,
z = 0, y = piR1/2, z = piR2.
Brane Position Fields SUSY Gauge Symmetry
(0, 0) V Aµ N = 1 SU(5)
(0, piR2) V
A
µ N=1 SU(5)
(piR1/2, 0) V
a
µ , Σ
aˆ
5 N=1 SU(3)× SU(2)× U(1)
(piR1/2, piR2) V
a
µ , Σ
aˆ
5 N=1 SU(3)× SU(2)× U(1)
y = 0 V Aµ , Σ
A
6 N=2 SU(5)
z = 0 V Aµ , Σ
A
5 N=2 SU(5)
y = piR1/2 V
a
µ , Σ
aˆ
5, Σ
a
6, Φ
aˆ N=2 SU(3)× SU(2)× U(1)
z = piR2 V
A
µ , Σ
A
5 N=2 SU(5)
4 N = 2 Supersymmetric SU(5), SU(6) and SO(10)
on M 4 × T 2/(Z2)4
In this section, we would like to discuss N = 2 supersymmetric SU(5), SU(6) and
SO(10) models on the space-time M4 × T 2/(Z2)4 without gauge-Higgs unification.
We require that: (1) there are no zero modes for the chiral multiplets Σ5, Σ6 and Φ;
(2) for the zero modes, we only have N = 1 supersymmetric SU(3)×SU(2)×U(1)n−3
model where n is the rank of the GUT group.
The orbifold T 2/(Z2)
4 is obtained by T 2 moduloing the equivalence classes:
y ∼ −y, z ∼ −z, y′ ∼ −y′ and z′ ∼ −z′. The four fixed points are (y = 0, z = 0),
(y = 0, z = piR2/2), (y = piR1/2, z = 0), and (y = piR1/2, z = piR2/2), and the fixed
lines are y = 0, z = 0, y = piR1/2 and z = piR2/2. Including the KK modes, the
3-branes at the fixed points preserve N = 1 supersymmetry, and the 4-branes at the
fixed lines preserve N = 2 supersymmetry because the fixed points and fixed lines
are fixed under two and one projection, respectively.
We will choose the unit matrix representations for P y and P z in the adjoint
representation of GUT gauge group. So, considering the zero modes, under P y projec-
tion, we can break the 4-dimensional N = 4 supersymmetry to N = 2 supersymmetry
with (V,Σ6) forming a vector multiplet and (Σ5,Φ) forming a hypermultiplet, and we
can break the 4-dimensional N = 2 supersymmetry to N = 1 supersymmetry further
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Table 5: Parity assignment and masses (n ≥ 0, m ≥ 0) for the vector multiplet in the
SU(5) model on T 2/(Z2)
4.
(P y, P y
′
, P z, P z
′
) field mass
(+,+,+,+) V aµ
√
(2n)2/R21 + (2m)
2/R22
(+,−,+,−) V aˆµ
√
(2n+ 1)2/R21 + (2m+ 1)
2/R22
(−,−,+,+) Σa5
√
(2n+ 2)2/R21 + (2m)
2/R22
(−,+,+,−) Σaˆ5
√
(2n+ 1)2/R21 + (2m+ 1)
2/R22
(+,+,−,−) Σa6
√
(2n)2/R21 + (2m+ 2)
2/R22
(+,−,−,+) Σaˆ6
√
(2n+ 1)2/R21 + (2m+ 1)
2/R22
(−,−,−,−) Φa
√
(2n+ 2)2/R21 + (2m+ 2)
2/R22
(−,+,−,+) Φaˆ
√
(2n+ 1)2/R21 + (2m+ 1)
2/R22
by P z projection.
For a generic bulk field φ(xµ, y, z), we can define four parity operators P y, P y
′
,
P z and P z
′
, respectively. Denoting the field with (P y, P y
′
, P z, P z
′
)=(±,±,±,±) by
φ±±±±, we obtain the KK mode expansions, which are given in Appendix C.
4.1 SU(5) Model
First, we will discuss the SU(5) model because it is the simplest model, and can be
generalized to other GUT models easily by our procedure. We choose the following
matrix representations for parity operators P y, P z, P y
′
and P z
′
, which are expressed
in the adjoint representation of SU(5)2
P y = diag(+1,+1,+1,+1,+1) , P z = diag(+1,+1,+1,+1,+1) , (46)
P y
′
= diag(−1,−1,−1,+1,+1) , P z′ = diag(−1,−1,−1,+1,+1) . (47)
Under P y
′
or P z
′
parity, the SU(5) gauge generators TA where A=1, 2, ..., 24 for
SU(5) are separated into two sets: T a are the gauge generators for the Standard
Model gauge group, and T aˆ are the other broken gauge generators
P y T a (P y)−1 = T a , P y T aˆ (P y)−1 = T aˆ , (48)
P z T a (P z)−1 = T a , P z T aˆ (P z)−1 = T aˆ , (49)
2If one chose P z
′
= diag(+1,+1,+1,+1,+1), then, the discussions are similar to those in sub-
section 3.2.
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Table 6: For the model SU(5) on T 2/(Z2)
4, the gauge superfields, the number of
4-dimensional supersymmetry and gauge symmetry on the 3-brane which is located
at the fixed point (y = 0, z = 0), (y = 0, z = piR2/2), (y = piR1/2, z = 0), and
(y = piR1/2, z = piR2/2), or on the 4-brane which is located at the fixed line y = 0,
z = 0, y = piR1/2, z = piR2/2.
Brane Position Fields SUSY Gauge Symmetry
(0, 0) V Aµ N = 1 SU(5)
(0, piR2/2) V
a
µ , Σ
aˆ
6 N=1 SU(3)× SU(2)× U(1)
(piR1/2, 0) V
a
µ , Σ
aˆ
5 N=1 SU(3)× SU(2)× U(1)
(piR1/2, piR2/2) V
a
µ , Φ
aˆ N=1 SU(3)× SU(2)× U(1)
y = 0 V Aµ , Σ
A
6 N=2 SU(5)
z = 0 V Aµ , Σ
A
5 N=2 SU(5)
y = piR1/2 V
a
µ , Σ
aˆ
5, Σ
a
6, Φ
aˆ N=2 SU(3)× SU(2)× U(1)
z = piR2/2 V
a
µ , Σ
a
5, Σ
aˆ
6, Φ
aˆ N=2 SU(3)× SU(2)× U(1)
P y
′
T a (P y
′
)−1 = T a , P y
′
T aˆ (P y
′
)−1 = −T aˆ , (50)
P z
′
T a (P z
′
)−1 = T a , P z
′
T aˆ (P z
′
)−1 = −T aˆ . (51)
The particle spectra are given in Table 5. And we present the gauge superfields,
the number of 4-dimensional supersymmetry, and gauge group on the 3-brane or 4-
brane in Table 6. Including the KK modes, the 3-brane and 4-brane preserve N = 1
and N = 2 supersymmetry, respectively. And the gauge group on the 3-brane or
4-brane can be SU(5) or SU(3) × SU(2) × U(1). Considering the zero modes, the
bulk 4-dimensional N = 4 SU(5) gauge symmetry is broken down to the N = 1 SM
gauge symmetry. The phenomenology discussions are similar to those in last section.
4.2 SU(6) Model
Second, we will discuss the SU(6) model. We need to choose the matrix representa-
tions for parity operators P y, P z, P y
′
and P z
′
, which are expressed in the adjoint rep-
resentation of SU(6). Because SU(6) ⊃ SU(5)×U(1);SU(4)×SU(2)×U(1);SU(3)×
SU(3)×U(1), we obtain that, in general, P y′ and P z′ just need to be any two differ-
ent representations from these three representations: diag(+1,+1,+1,+1,+1,−1),
diag(−1,−1,−1,+1,+1,−1), and diag(−1,−1,−1,+1,+1,+1). So, the matrix rep-
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resentations for P y, P z, P y
′
and P z
′
are 3
P y = diag(+1,+1,+1,+1,+1,+1) , P z = diag(+1,+1,+1,+1,+1,+1) , (52)
P y
′
= diag(+1,+1,+1,+1,+1,−1) , P z′ = diag(−1,−1,−1,+1,+1,−1) , (53)
or
P y
′
= diag(+1,+1,+1,+1,+1,−1) , P z′ = diag(−1,−1,−1,+1,+1,+1) , (54)
or
P y
′
= diag(−1,−1,−1,+1,+1,+1) , P z′ = diag(−1,−1,−1,+1,+1,−1) . (55)
And we would like to point out that
SU(6)/{diag(+1,+1,+1,+1,+1,−1)} ≈ SU(5)× U(1) , (56)
SU(6)/{diag(−1,−1,−1,+1,+1,−1)} ≈ SU(4)× SU(2)× U(1) , (57)
SU(6)/{diag(−1,−1,−1,+1,+1,+1)} ≈ SU(3)× SU(3)× U(1) . (58)
To be general, we will not specify the matrix representations for parity op-
erators P y
′
and P z
′
in the following discussion. And we just use P y, P y
′
, P z, P z
′
,
G/P y
′
and G/P z
′
, where G can be SU(6) in this subsection and SO(10) in the next
subsection.
Under P y
′
and P z
′
parities, the G = SU(6) gauge generators TA where A=1,
2, ..., 35 for SU(6) are separated into four sets: T a,b are the gauge generators for
SU(3)×SU(2)×U(1)×U(1) gauge symmetry, T a,bˆ, T aˆ,b, and T aˆ,bˆ are the other broken
gauge generators that belong to {G/P y′ ∩{coset G/P z′}}, {{coset G/P y′}∩G/P z′},
and {{coset G/P y′}∩{coset G/P z′}}, respectively. Therefore, under P y, P z, P y′ and
P z
′
, the gauge generators transform as
P y TA,B (P y)−1 = TA,B , P z TA,B (P z)−1 = TA,B , (59)
P y
′
T a,B (P y
′
)−1 = T a,B , P y
′
T aˆ,B (P y
′
)−1 = −T aˆ,B , (60)
P z
′
TA,b (P z
′
)−1 = TA,b , P z
′
TA,bˆ (P z
′
)−1 = −TA,bˆ . (61)
The particle spectra are given in Table 7, and the gauge superfields, the number
of 4-dimensional supersymmetry and the gauge group on the 3-brane or 4-brane are
given in Table 8. These two tables are very general, because we do not specify the
gauge group. And the SU(5) model in previous subsection is a special case where
T abˆ and T aˆb are empty sets. For the zero modes, we only have 4-dimensional N = 1
SU(3)×SU(2)×U(1)×U(1) gauge symmetry. From Table 8, we obtain that including
the KK modes, the 3-brane and 4-brane preserve N = 1 and N = 2 supersymmetry,
3For SU(6) model in this subsection, and SO(10) model in the next subsection, one can inter-
change matrix representations P y
′
and P z
′
, i. e., P y
′ ←→ P z′ , and the discussions are similar.
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Table 7: Parity assignment and masses (n ≥ 0, m ≥ 0) for the vector multiplet in the
SU(6) or SO(10) models on T 2/(Z2)
4.
(P y, P y
′
, P z, P z
′
) field mass
(+,+,+,+) V a,bµ
√
(2n)2/R21 + (2m)
2/R22
(+,+,+,−) V a,bˆµ
√
(2n)2/R21 + (2m+ 1)
2/R22
(+,−,+,+) V aˆ,bµ
√
(2n+ 1)2/R21 + (2m)
2/R22
(+,−,+,−) V aˆ,bˆµ
√
(2n+ 1)2/R21 + (2m+ 1)
2/R22
(−,−,+,+) Σa,b5
√
(2n+ 2)2/R21 + (2m)
2/R22
(−,−,+,−) Σa,bˆ5
√
(2n+ 2)2/R21 + (2m+ 1)
2/R22
(−,+,+,+) Σaˆ,b5
√
(2n+ 1)2/R21 + (2m)
2/R22
(−,+,+,−) Σaˆ,bˆ5
√
(2n+ 1)2/R21 + (2m+ 1)
2/R22
(+,+,−,−) Σa,b6
√
(2n)2/R21 + (2m+ 2)
2/R22
(+,+,−,+) Σa,bˆ6
√
(2n)2/R21 + (2m+ 1)
2/R22
(+,−,−,−) Σaˆ,b6
√
(2n+ 1)2/R21 + (2m+ 2)
2/R22
(+,−,−,+) Σaˆ,bˆ6
√
(2n+ 1)2/R21 + (2m+ 1)
2/R22
(−,−,−,−) Φa,b
√
(2n+ 2)2/R21 + (2m+ 2)
2/R22
(−,−,−,+) Φa,bˆ
√
(2n+ 2)2/R21 + (2m+ 1)
2/R22
(−,+,−,−) Φaˆ,b
√
(2n+ 1)2/R21 + (2m+ 2)
2/R22
(−,+,−,+) Φaˆ,bˆ
√
(2n+ 1)2/R21 + (2m+ 1)
2/R22
respectively. The gauge group on the 3-brane can be G = SU(6), or G/P z
′
, or G/P y
′
,
or SU(3)× SU(2) × U(1) × U(1), where G/P z′ and G/P y′ can be any two different
gauge groups of SU(5)×U(1), SU(4)×SU(2)×U(1), and SU(3)×SU(3)×U(1). And
the gauge group on the 4-brane can be G = SU(6), or G/P y
′
or G/P z
′
. If we want to
break the SU(6) gauge group down to the SU(3)× SU(2)×U(1)×U(1) completely,
we will have to put the Standard Model fermions on the 3-brane at (piR1/2, piR2/2).
We can put two Higgs doublets on the observable 3-brane or put two Higgs multiplets
on the 4-brane at y = piR1/2 or z = piR2/2. The GUT scale can be at TeV scale if
we considered the SM fermions are just charged under SU(3)×SU(2)×U(1)×U(1)
gauge symmetry, because there are no unification realization of the SM particles, i.e.,
the SM fermions do not form the multiplets under the unification gauge group, so,
there are no proton decay problem at all. The wrong prediction of the first and second
15
Table 8: For the model G = SU(6) or G = SO(10) on T 2/(Z2)
4, the gauge superfields,
the number of 4-dimensional supersymmetry and gauge symmetry on the 3-brane,
which is located at the fixed point (y = 0, z = 0), (y = 0, z = piR2/2), (y = piR1/2, z =
0), and (y = piR1/2, z = piR2/2), or on the 4-brane which is located at the fixed line
y = 0, z = 0, y = piR1/2, z = piR2/2.
Brane Position fields SUSY Gauge Symmetry
(0, 0) V A,Bµ N = 1 G
(0, piR2/2) V
A,b
µ , Σ
A,bˆ
6 N=1 G/P
z′
(piR1/2, 0) V
a,B
µ , Σ
aˆ,B
5 N=1 G/P
y′
(piR1/2, piR2/2) V
a,b
µ , Σ
aˆ,b
5 , Σ
a,bˆ
6 , Φ
aˆ,bˆ N=1 SU(3)× SU(2)× U(1)× U(1)
y = 0 V A,Bµ , Σ
A,B
6 N=2 G
z = 0 V A,Bµ , Σ
A,B
5 N=2 G
y = piR1/2 V
a,B
µ , Σ
aˆ,B
5 , Σ
a,B
6 , Φ
aˆ,B N=2 G/P y
′
z = piR2/2 V
A,b
µ , Σ
A,b
5 , Σ
A,bˆ
6 , Φ
A,bˆ N=2 G/P z
′
generation mass ratio in the usual 4-dimensional SU(5) is avoided, and we will have
rich physics at TeV scale. However, we can not explain the charge quantization.
We can also put the SM model fermions and Higgs on the other 3-brane at
other fixed point or on the 4-brane at fixed line. However, the Standard Model
fermions must form the full multiplets under the gauge group SU(5) × U(1), or
SU(4)×SU(2)×U(1), or SU(3)×SU(3)×U(1), or SU(6). In addition, if we put the
SM fermions on the 3-brane at (0, 0), or (0, piR2/2), or (piR1/2, 0), in order to give the
GUT scale (1/R1 or 1/R2) masses to the Higgs components, which do not belong to
SU(2) doublets, from the projections, we may need to put the Higgs on the 4-brane.
And if we put the SM fermions on the 4-brane, we will double the generations due
to the projections, i. e., each generation in the SM comes from the zero modes of
two generations. Moreover, although at tree level the proton decay may be absent,
the GUT scale can not be much lower than 1016 GeV because the proton may decay
through box diagrams.
Furthermore, in order to break the extra U(1) symmetry, we have to introduce
the chiral multiplets that are singlets under the SM gauge symmetry, and use Higgs
mechanism. And if we considered the chiral model on the observable brane, we will
have to introduce exotic particles due to the anomaly cancellation.
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4.3 SO(10) Model
Third, we would like to discuss the SO(10) model. We choose the following matrix
representations for the parity operators P y, P z, P y
′
, and P z
′
, which are expressed in
the adjoint representation of SO(10)
P y = diag(+σ0,+σ0,+σ0,+σ0,+σ0) , (62)
P z = diag(+σ0,+σ0,+σ0,+σ0,+σ0) , (63)
P y
′
= diag(σ2, σ2, σ2, σ2, σ2) , (64)
P z
′
= diag(−σ0,−σ0,−σ0,+σ0,+σ0) , (65)
where σ0 is the 2× 2 unit matrix and σ2 is the Pauli matrix.
Under P y
′
projection, the gauge group SO(10) is broken down to SO(10)/P y
′
=
SU(5) × U(1), and under P z′ projection, the gauge group is broken down to the
SO(10)/P z
′
= SO(6)× SO(4) which is isomorphic to SU(4) × SU(2) × SU(2). Al-
though SO(10) ⊃ SU(5)×U(1);SU(4)×SU(2)×SU(2);SO(8)×U(1), if we want to
break SO(10) down to SU(3)× SU(2)× U(1)× U(1) completely, we can not choose
either
P y
′
= diag(−σ0,−σ0,−σ0,−σ0,+σ0) , (66)
or
P z
′
= diag(−σ0,−σ0,−σ0,−σ0,+σ0) , (67)
which will break SO(10) down to SO(8)× U(1).
Under P y
′
and P z
′
parities, the SO(10) gauge generators TA where A=1, 2,
..., 45 for SO(10) are separated into four sets: T a,b are the gauge generators for
SU(3) × SU(2) × U(1) × U(1) gauge symmetry, T a,bˆ, T aˆ,b, and T aˆ,bˆ are the other
broken gauge generators in {G/P y′ ∩ {coset G/P z′}}, {{coset G/P y′} ∩G/P z′}, and
{{coset G/P y′} ∩ {coset G/P z′}}, respectively. So, under P y, P z, P y′ and P z′, the
gauge generators transform as
P y TA,B (P y)−1 = TA,B , P z TA,B (P z)−1 = TA,B , (68)
P y
′
T a,B (P y
′
)−1 = T a,B , P y
′
T aˆ,B (P y
′
)−1 = −T aˆ,B , (69)
P z
′
TA,b (P z
′
)−1 = TA,b , P z
′
TA,bˆ (P z
′
)−1 = −TA,bˆ . (70)
The particle spectra are given in Table 7. And the gauge superfields, the
number of 4-dimensional supersymmetry, and the gauge group on the 3-brane or
4-brane are given in Table 8. For the zero modes, we have 4-dimensional N = 1
SU(3)×SU(2)×U(1)×U(1) gauge symmetry. From Table 8, we obtain that including
the KK modes, the 3-brane and 4-brane preserve N = 1 and N = 2 supersymmetry,
respectively. The gauge group on the 3-brane can be G = SO(10), or SU(5)× U(1),
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or SU(4)× SU(2)× SU(2), or SU(3)× SU(2)× U(1)× U(1). And the gauge group
on the 4-brane can be G = SU(6), or SU(5) × U(1), or SU(4) × SU(2) × SU(2).
The phenomenology discussions are similar to those in last subsection, and we want
to point out that SO(10) is a popular GUT model where one generation in the SM
fits perfectly in a 16 representation of SO(10).
5 Gauge-Higgs Unification for SU(6), SU(7) and
SO(12)
It is noticed that the gauge-Higgs might be unified at a vector multiplets in 6-
dimensional model [18]. In this section, we would like to discuss the SU(N) and
SO(M) GUT models which have this property. Our basic requirements are: (1)
there are no zero modes for the chiral multiplets Σ5 and Σ6; (2) considering the zero
modes, there are only one pair of Higgs doublets because if we had two pairs of Higgs
doublets, we may have flavour changing neutral current problem.
The minimal model for SU(N) gauge group is SU(6) on the space-time M4×
T 2/(Z2)
3. The proof is following: we have six projection operators P y, P z, P yz, P y
′
,
P z
′
, and P y
′z′, in order to break SU(6) down to SU(3) × SU(2) × U(1) × U(1), we
need at least two projection operators. The non-equivalent pair choices are (P y, P z),
(P y, P y
′
) and (P yz, P y
′z′). And it is not difficult for one to show that all of these
choice do not satisfy our basic requirements. Similarly, the minimal model for SO(M)
gauge group is SO(12) on the space-time M4 × T 2/(Z2)4. We also discuss the SU(7)
model because they are the only models which satisfy our requirements, and have
the gauge-Higgs unification on the extra space orbifold T 2/(Z2)
3 and T 2/(Z2)
4. We
also comment on SU(7) and SO(12) models on T 2/(Z2)
3 which do not satisfy our
requirements.
In order to project out all the zero modes of Σ5 and Σ6, we would like to choose
the matrix representation of P y is equal to that of P z, which is equivalent to choosing
P yz as an unit matrix, and P y as other matrix. And it is easy to see that for zero
modes, P yz breaks 4-dimensional N = 4 supersymmetry to N = 2 supersymmetry,
and projects out all the zero modes of Σ5 and Σ6. In order to match our convention
in [13], we would like to choose the matrix representation for P y to be equal to that
for P z.
5.1 SU(6) on M4 × T 2/(Z2)3
As we know, SU(6) ⊃ SU(5)×U(1);SU(4)× SU(2)×U(1);SU(3)× SU(3)×U(1),
so, we have three projection pair choices to have the gauge-Higgs unification, and
we will discuss all of them because they are the bases to consider the gauge-Higgs
unification for the other higher rank semi-simple groups.
(I) We choose the matrix representations for P y, P z and P y
′z′ as following
P y = P z = diag(+1,+1,+1,+1,+1,−1) , (71)
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P y
′z′ = diag(−1,−1,−1,+1,+1,+1) . (72)
To identify the massless fields, we consider the transformation properties of V
and Φ fields under P y and P y
′z′, i.e., (P y, P y
′z′)
V :


(+,+) (+,+) (+,+) (+,−) (+,−) (−,−)
(+,+) (+,+) (+,+) (+,−) (+,−) (−,−)
(+,+) (+,+) (+,+) (+,−) (+,−) (−,−)
(+,−) (+,−) (+,−) (+,+) (+,+) (−,+)
(+,−) (+,−) (+,−) (+,+) (+,+) (−,+)
(−,−) (−,−) (−,−) (−,+) (−,+) (+,+)


, (73)
Φ :


(−,+) (−,+) (−,+) (−,−) (−,−) (+,−)
(−,+) (−,+) (−,+) (−,−) (−,−) (+,−)
(−,+) (−,+) (−,+) (−,−) (−,−) (+,−)
(−,−) (−,−) (−,−) (−,+) (−,+) (+,+)
(−,−) (−,−) (−,−) (−,+) (−,+) (+,+)
(+,−) (+,−) (+,−) (+,+) (+,+) (−,+)


. (74)
(II) We choose the matrix representations for P y, P z, and P y
′z′ as following
P y = P z = diag(−1,−1,−1,+1,+1,−1) , (75)
P y
′z′ = diag(−1,−1,−1,+1,+1,+1) . (76)
To identify the massless fields, we consider the transformation properties of V
and Φ fields under P y and P y
′z′, i.e., (P y, P y
′z′)
V :


(+,+) (+,+) (+,+) (−,−) (−,−) (+,−)
(+,+) (+,+) (+,+) (−,−) (−,−) (+,−)
(+,+) (+,+) (+,+) (−,−) (−,−) (+,−)
(−,−) (−,−) (−,−) (+,+) (+,+) (−,+)
(−,−) (−,−) (−,−) (+,+) (+,+) (−,+)
(+,−) (+,−) (+,−) (−,+) (−,+) (+,+)


, (77)
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Φ :


(−,+) (−,+) (−,+) (+,−) (+,−) (−,−)
(−,+) (−,+) (−,+) (+,−) (+,−) (−,−)
(−,+) (−,+) (−,+) (+,−) (+,−) (−,−)
(+,−) (+,−) (+,−) (−,+) (−,+) (+,+)
(+,−) (+,−) (+,−) (−,+) (−,+) (+,+)
(−,−) (−,−) (−,−) (+,+) (+,+) (−,+)


. (78)
(III) We choose the matrix representations for P y, P z, and P y
′
as following
P y = P z = diag(+1,+1,+1,+1,+1,−1) , (79)
P y
′
= diag(−1,−1,−1,+1,+1,−1) , (80)
or
P y = P z = diag(−1,−1,−1,+1,+1,−1) , (81)
P y
′
= diag(+1,+1,+1,+1,+1,−1) . (82)
To identify the massless fields, we consider the transformation properties of V
and Φ fields under P y and P y
′
, i.e., (P y, P y
′
) by the first definition of P y, P z and P y
′
V :


(+,+) (+,+) (+,+) (+,−) (+,−) (−,+)
(+,+) (+,+) (+,+) (+,−) (+,−) (−,+)
(+,+) (+,+) (+,+) (+,−) (+,−) (−,+)
(+,−) (+,−) (+,−) (+,+) (+,+) (−,−)
(+,−) (+,−) (+,−) (+,+) (+,+) (−,−)
(−,+) (−,+) (−,+) (−,−) (−,−) (+,+)


, (83)
Φ :


(−,−) (−,−) (−,−) (−,+) (−,+) (+,−)
(−,−) (−,−) (−,−) (−,+) (−,+) (+,−)
(−,−) (−,−) (−,−) (−,+) (−,+) (+,−)
(−,+) (−,+) (−,+) (−,−) (−,−) (+,+)
(−,+) (−,+) (−,+) (−,−) (−,−) (+,+)
(+,−) (+,−) (+,−) (+,+) (+,+) (−,−)


. (84)
For all above three cases, it is not difficult to obtain the number of 4-dimensional
supersymmetry and gauge symmetry on the 3-brane which is located at the fixed point
or on the 4-brane which is located at the fixed line. Because the geometry of the ex-
tra dimensions in case (I) and (II) is different from that in case (III), we present the
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Table 9: For the case (I) and (II), the G = SU(6) model with gauge-Higgs unifica-
tion on (S1/Z2 × S1/Z2)/Z2. The gauge superfield Vµ, the number of 4-dimensional
supersymmetry and gauge symmetry on the 3-brane, which is located at the fixed
point (y = 0, z = 0), (y = 0, z = piR2), and (y = piR1/2, z = piR2/2), and on the
4-brane which is located at the fixed line y = 0 and z = 0. Notice that the matrix
representation for P y is the same as that for P z.
Brane Position Fields SUSY Gauge Symmetry
(0, 0) V a,Bµ N = 1 G/P
y or G/P z
(0, piR2) V
a,B
µ N=1 G/P
y or G/P z
(piR1/2, piR2/2) V
A,b
µ N=2 G/P
y′z′
y = 0 V a,Bµ N=2 G/P
y or G/P z
z = 0 V a,Bµ N=2 G/P
y or G/P z
number of 4-dimensional supersymmetry and gauge symmetry on the 3-brane and
4-brane for case (I) and (II) in Table 9, and those for case (III) in Table 10. The
phenomenology discussions are similar to those in previous sections.
5.2 SU(6), SU(7) and SO(12) on M4 × T 2/(Z2)4
Similarly, we can discuss the gauge-Higgs unification for SU(6), SU(7) and SO(10)
on the space-time M4 × T 2/(Z2)4. Because there might exist a lot of possibilities for
SU(7) and SO(12), we just give some as examples. And we would like to emphasize
that SO(12) is the minimal model with gauge-Higgs unification for SO(M) gauge
group 4.
(I) For the SU(6) model, similar to the case (III) in last subsection, we can
choose following matrix representations for the parity operators P y, P z, P y
′
and P z
′
P y = P z = diag(+1,+1,+1,+1,+1,−1) , (85)
P y
′
= P z
′
= diag(−1,−1,−1,+1,+1,−1) . (86)
Obviously, we have the gauge-Higgs unification.
(II) For the SU(7) model, we can use above SU(6) matrix representations for
the parity operators P y, P z, P y
′
and P z
′
, and just add the “±” in the matrix. Of
4In this subsection, one can interchange the matrix representations for P y, P y
′
, P z
′
, i.e, P y ←→
P y
′
, P y ←→ P z′ , P y′ ←→ P z′ . The discussions are similar.
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Table 10: For the case (III), the G = SU(6) model with gauge-Higgs unification
on S1/(Z2)
2 × S1/Z2. The gauge superfield Vµ, the number of the 4-dimensional
supersymmetry and gauge symmetry on the 3-brane, which is located at the fixed
point (y = 0, z = 0), (y = 0, z = piR2), (y = piR1/2, z = 0), and (y = piR1/2, z =
piR2), and on the 4-brane which is located at the fixed line y = 0, z = 0, y = piR1/2,
z = piR2. Notice that the matrix representation for P
y is the same as that for P z,
and G/{P y ∪ P y′} = SU(3)× SU(2)× U(1)× U(1).
Brane Position Fields SUSY Gauge Symmetry
(0, 0) V a,Bµ N = 1 G/P
y or G/P z
(0, piR2) V
a,B
µ N=1 G/P
y or G/P z
(piR1/2, 0) V
a,b
µ N=1 G/{P y ∪ P y′}
(piR1/2, piR2) V
a,b
µ N=1 G/{P y ∪ P y′}
y = 0 V a,Bµ N=2 G/P
y or G/P z
z = 0 V a,Bµ N=2 G/P
y or G/P z
y = piR1/2 V
A,b
µ N=2 G/P
y′
z = piR2 V
a,B
µ N=2 G/P
y or G/P z
course, there are several possibilities, for example, we can choose the matrix repre-
sentations for P y, P z, P y
′
and P z
′
as following
P y = P z = diag(+1,+1,+1,+1,+1,−1,±1 or ∓ 1) , (87)
P y
′
= diag(−1,−1,−1,+1,+1,−1,±1) , (88)
P z
′
= diag(−1,−1,−1,+1,+1,−1,∓1) , (89)
or
P y = P z = diag(−1,−1,−1,+1,+1,−1,±1 or ∓ 1) , (90)
P y
′
= diag(+1,+1,+1,+1,+1,−1,±1) , (91)
P z
′
= diag(+1,+1,+1,+1,+1,−1,∓1) . (92)
It is easy to check that, after projections, there are only a pair of SU(2)
doublets in Φ which have zero modes, and can be identified as two Higgs doublets.
In fact, we just need to check whether the matrix elements (i, 6) and (6, j) will be
projected out or not, where i, j = 1, 2, ..., 6. And the quotient groups are
SU(7)/{diag(+1,+1,+1,+1,+1,−1,+1)} ≈ SU(6)× U(1) , (93)
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SU(7)/{diag(+1,+1,+1,+1,+1,−1,−1)} ≈ SU(5)× SU(2)× U(1) , (94)
SU(7)/{diag(−1,−1,−1,+1,+1,−1,−1)} ≈ SU(5)× SU(2)× U(1) , (95)
SU(7)/{diag(−1,−1,−1,+1,+1,−1,+1)} ≈ SU(4)× SU(3)× U(1) . (96)
(III) For the SO(12) model, similar to the SU(6) model, we choose the matrix
representations for the parity operators P y, P z, P y
′
and P z
′
as following
P y = P z = diag(+σ2,+σ2,+σ2,+σ2,+σ2,−σ2) . (97)
P y
′
= diag(+σ0,+σ0,+σ0,+σ0,+σ0,−σ0) . (98)
P z
′
= diag(−σ0,−σ0,−σ0,+σ0,+σ0,−σ0) . (99)
After projections, there are only a pair of SU(2) doublets in Φ which have zero modes,
and can be identified as two Higgs doublets. And the quotient groups are
SO(12)/diag(+σ2,+σ2,+σ2,+σ2,+σ2,−σ2) ≈ SU(6)′ × U(1)′ , (100)
SO(12)/diag(+σ0,+σ0,+σ0,+σ0,+σ0,−σ0) ≈ SO(10)× U(1) , (101)
SO(12)/diag(−σ0,−σ0,−σ0,+σ0,+σ0,−σ0) ≈ SO(8)× SO(4) . (102)
By the way, SO(4) ∼ SU(2)× SU(2).
Under P y (similar for P z), P y
′
and P z
′
parities, the SU(7) and SO(12) gauge
generators TA where A=1, 2, ..., 48 for SU(7) or 66 for SO(12) are separated
into 8 sets: T abc are the gauge generators for SU(3) × SU(2) × U(1)3, and T abcˆ,
T abˆc, T abˆcˆ, T aˆbc, T aˆbcˆ, T aˆbˆc, T aˆbˆcˆ are the other broken gauge generators that belong
to {G/P y ∩ G/P y′ ∩ {coset G/P z′}}, {G/P y ∩ {coset G/P y′} ∩ G/P z′}, {G/P y ∩
{coset G/P y′}∩{coset G/P z′}}, {{coset G/P y}∩G/P y′ ∩G/P z′}, {{coset G/P y}∩
G/P y
′ ∩{coset G/P z′}}, {{coset G/P y}∩{coset G/P y′}∩G/P z′}, {{coset G/P y}∩
{coset G/P y′} ∩ {coset G/P z′}}, Therefore, under P y, P z, P y′ and P z′, the gauge
generators transform as
P y T a,B,C (P y)−1 = T a,B,C , P y T aˆ,B,C (P y)−1 = −T aˆ,B,C , (103)
P z T a,B,C (P z)−1 = T a,B,C , P z T aˆ,B,C (P z)−1 = −T aˆ,B,C , (104)
P y
′
TA,b,C (P y
′
)−1 = TA,b,C , P y
′
TA,bˆ,C (P y
′
)−1 = −TA,bˆ,C , (105)
P z
′
TA,B,c (P z
′
)−1 = TA,B,c , P z
′
TA,B,cˆ (P z
′
)−1 = −TA,B,cˆ . (106)
With the KK modes expansions in Appendix C, we obtain the superfield Vµ,
the number of 4-dimensional supersymmetry and gauge symmetry on the 3-brane and
4-brane, which are given in Table 11. The phenomenological discussions are similar
to those in previous section. And the SU(6) model is a special case where TAbcˆ and
TAbˆc are empty sets. In addition, for SU(7), it is easy to determine the quotient
groups G/{P y ∪ P y′}, G/{P y ∪ P z′}, G/{P y′ ∪ P z′}. For SO(12), they are
G/{P y ∪ P y′} = SU(5)× U(1)× U(1) , (107)
G/{P y ∪ P z′} = SU(4)′ × SU(2)× U(1)× U(1) , (108)
G/{P y′ ∪ P z′} = SO(6)× SO(4)× U(1) . (109)
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Table 11: For the model G = SU(7) or G = SO(12) on T 2/(Z2)
4, the gauge superfield
Vµ, the number of the 4-dimensional supersymmetry and gauge symmetry on the 3-
brane which is located at the fixed point (y = 0, z = 0), (y = 0, z = piR2/2),
(y = piR1/2, z = 0), and (y = piR1/2, z = piR2/2), or on the 4-brane which is located
at the fixed line y = 0, z = 0, y = piR1/2, z = piR2/2.
Brane Position fields SUSY Gauge Symmetry
(0, 0) V a,B,Cµ N = 1 G/P
y
(0, piR2/2) V
a,B,c
µ N=1 G/{P y ∪ P z′}
(piR1/2, 0) V
a,b,C
µ N=1 G/{P y ∪ P y′}
(piR1/2, piR2/2) V
A,b,c
µ N=1 G/{P y′ ∪ P z′}
y = 0 V a,B,Cµ N = 2 G/P
y
z = 0 V a,B,Cµ N = 2 G/P
y
y = piR1/2 V
A,b,C
µ N=2 G/P
y′
z = piR2/2 V
A,B,c
µ N=2 G/P
z′
5.3 Comments on SU(7) and SO(12) on M4 × T 2/(Z2)3
If one relaxed the requirements that there are no zero modes for chiral multiplets Σ5
and Σ6, we can consider the SU(7) and SO(12) models on M
4 × T 2/(Z2)3.
If the space-time orbifold was M4×S1/(Z2)2×S1/Z2, using the matrix repre-
sentations of the parity operators for SU(7) and SO(12) models in last subsection, we
can define the matrix representations for P y, P z and P y
′
by P y = last subsection P y
′
,
P z = last subsection P z
′
and P y
′
= last subsection P y. So, the discussions are simi-
lar.
Now, we consider the space-time orbifold is M4 × (S1/Z2 × S1/Z2)/Z2. For
the SU(7) model, using the result for SU(6) model, we can define the matrix repre-
sentations for P y, P z and P y
′z′ as
P y = diag(+1,+1,+1,+1,+1,−1,±1) , (110)
P z = diag(+1,+1,+1,+1,+1,−1,∓1) , (111)
P y
′z′ = diag(−1,−1,−1,+1,+1,+1,±1 or ∓ 1) , (112)
or
P y = diag(−1,−1,−1,+1,+1,−1,±1) , (113)
P z = diag(−1,−1,−1,+1,+1,−1,∓1) , (114)
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P y
′z′ = diag(−1,−1,−1,+1,+1,+1,±1 or ∓ 1) . (115)
And it is easy to check that after projections, there are only a pair of SU(2) doublets
in Φ which have zero modes, and can be identified as two Higgs doublets.
For SO(12) model, we can define the matrix representations for P y, P z and
P y
′z′ as
P y = diag(+σ0,+σ0,+σ0,+σ0,+σ0,−σ0) , (116)
P z = diag(−σ0,−σ0,−σ0,+σ0,+σ0,−σ0) , (117)
P y
′z′ = diag(+σ2,+σ2,+σ2,+σ2,+σ2,+σ2) . (118)
After projections, we have only a pair of SU(2) doublets in Φ which have zero modes,
and can be identified as two Higgs doublets. By the way,
SO(12)/diag(+σ2,+σ2,+σ2,+σ2,+σ2,+σ2) ≈ SU(6)× U(1) . (119)
It is not difficult to obtain the number of 4-dimensional supersymmetry and
gauge symmetry on the 3-brane which is located at the fixed point or on the 4-brane
which is located at the fixed line. And the phenomenological discussions are similar
to those in the previous sections.
6 Phenomenology and Generalization Discussion
In this section, we will discuss some phenomenological aspect of the GUT models on
the T 2 orbifolds and generalize our procedure.
The first point we want to make is that, the Z2 projections do not change the
rank of the gauge group, because the generators in the Cartan subalgebra, which is the
maximal Abelian subalgebra of group G, are always even under the Z2 projections,
and then, we can not project them out. Therefore, for a rank n GUT group, we can
only break it down to SU(3)× SU(2)× U(1)× U(1)n−4. In order to break the extra
U(1)n−4 gauge symmetry, we have to introduce the extra chiral superfields which are
singlets under the SM gauge symmetry. Therefore, in the gauge-Higgs unification
scenario, we only unify the gauge fields with two SU(2) Higgs doublets, not all the
Higgs fields. In addition, if we required that the extra U(1)n−4 model be chiral, then,
we have to introduce the exotic particles due to anomaly cancellation.
Another natural question is proton decay. The dangerous tree-level dimension
5 proton decay operators [QQQL]θ2 and [UUDE]θ2 , and the tree-level Higgs mass
term, [HUHD]θ2 can be forbidden by R symmetry in general if one assigned the
suitable R charges to the particles [5, 18]. At tree-level, the dimension 6 proton
decay operators by exchange the gauge boson and scalar Higgs may be absent, for
example, the SM fermions are on the 4-brane or on the 3-brane which only preserves
SU(3)×SU(2)×U(1)×U(1)n−4 gauge symmetry. However, the proton may decay at
one-loop level, through the box diagram, for instance, the SU(5) model on S1/(Z2 ×
Z ′2) with SM fermions in the bulk, the proton can decay through box diagram by
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exchange X and Y in the mean time. So, the GUT scale can not be much lower than
1016 GeV [24].
Because the zero modes preserve N = 1 supersymmetry, we have to break
the N = 1 supersymmetry at TeV scale. One approach is the gaugino mediated
supersymmetry breaking, because the SM fermions can be on the observable 3-brane
or 4-brane, the supersymmetry breaking can be happened on the other 3-brane or 4-
brane, and can be mediated to the observable brane by gauge fields and gauginos [25].
Another approach is F -term supersymmetry breaking, for we will have dilaton and
moduli (modulus) in the bulk which can couple to the SM particles. By the way, in
6-dimension, the complex F -term supersymmetry breaking may induce CP violation,
while in 5-dimension, it can not [26].
Furthermore, we can always ask the question: how can we generalize our
procedure? Because if we want to discuss the higher rank GUT symmetry breaking,
for instance, SU(N) (N > 7), SO(M) (M > 12), E6, E7 and E8, we need more Z2
projections. The simple way is that, we introduce more extra dimensions.
In general, for N supersymmetric GUT with rank n gauge group G on the
(4 +m)-dimensional space-time M4 × Tm/(Z2)L, where L ≤ 2m for we can have at
most two non-equivalent Z2 reflection symmetries along each extra dimension [24]. We
can choose L Z2 parity operators, which can be separated into two sets: considering
only the zero modes, one set breaks the supersymmetry and does not break the
gauge symmetry, the other set breaks the gauge group down to SU(3) × SU(2) ×
U(1)n−3. From the set of parity operators which breaks the gauge symmetry, we can
choose n − 3 independent Z2 parity operators P g1, P g2, ..., P gn−3. Under the parity
operators P g1, P g2, ..., P gn−3, the gauge generators TA where A = 1, 2, ..., |G| for G are
separated into 2n−3 sets: T a1,a2,...,an−3, T a1,a2,...,aˆn−3, ...., T aˆ1,aˆ2,...,aˆn−3, where ai and aˆi
label the generators in G/P gi and the coset G/P gi, respectively, and (a1, a2, ..., an−3),
(a1, a2, ..., aˆn−3), ..., (aˆ1, aˆ2, ..., aˆn−3) label the intersections of those sets. The explicit
examples are given in previous sections. Under the parities P g1, P g2, ..., P gn−3, the
gauge generators transform as
P giTA1,...,ai,...An−3(P gi)−1 = TA1,...,ai,...An−3 , (120)
P giTA1,...,aˆi,...An−3(P gi)−1 = −TA1,...,aˆi,...An−3 . (121)
In addition, one can calculate the KK mode expansions for the superfields, and then,
discuss the particle spectra, the superfields, the number of 4-dimensional supersym-
metries and gauge group on the observable brane or whole space-time.
7 Conclusion
We study the 6-dimensional N = 2 supersymmetric grand unified theories with gauge
group SU(N) and SO(M) on the extra space orbifolds T 2/(Z2)
3 and T 2/(Z2)
4, which
can be broken down to 4-dimensionalN = 1 SU(3)×SU(2)×U(1)n−3 gauge symmetry
for the zero modes where n is the rank of the gauge group. We also study the models
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which have two SU(2) Higgs doublets (zero modes) from the 6-dimensional vector
multiplet. For the scenarios without gauge-Higgs unification, we require that there
are no zero modes for chiral multiplets Σ5, Σ6 and Φ, and the zero modes of gauge
fields preserve only the 4-dimensional N = 1 supersymmetry and SU(3) × SU(2) ×
U(1) × U(1)n−4 gauge symmetry. For the scenarios with gauge-Higgs unification,
we require that: (1) there are no zero modes for chiral multiplets Σ5 and Σ6; (2)
considering the zero modes, there are only one pair of Higgs doublets because if
we had two pairs of Higgs doublets, we may have flavour changing neutral current
problem. With our requirements, we give the particle spectra, present the fields, the
number of 4-dimensional supersymmetry and gauge group on the 3-brane or 4-brane,
and discuss some phenomenology for those models. Furthermore, we generalize our
procedure for (4 + m)-dimensional N supersymmetric GUT (with gauge group G)
breaking on the space-time M4 × Tm/(Z2)L.
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Appendix A
For a generic bulk field φ(xµ, y, z), we can define three parity operators P y, P z and
P y
′z′, respectively
φ(xµ, y, z) → φ(xµ,−y, z) = P yφ(xµ, y, z) , (122)
φ(xµ, y, z) → φ(xµ, y,−z) = P zφ(xµ, y, z) , (123)
φ(xµ, y′, z′) → φ(xµ,−y′,−z′) = P y′z′φ(xµ, y′, z′) . (124)
Denoting the field with (P y, P z, P y
′z′)=(±,±,±) by φ±±±, we obtain the following
KK mode expansions
φ+++(x
µ, y, z) =
∞∑
n=0
∞∑
m=0
(
φ
(2n,2m)
+++ (x
µ)A2n++(y, R1)A
2m
++(z, R2)
φ
(2n+1,2m+1)
+++ (x
µ)A2n+1+− (y, R1)A
2m+1
+− (z, R2)
)
, (125)
φ++−(x
µ, y, z) =
∞∑
n=0
∞∑
m=0
(
φ
(2n,2m+1)
++− (x
µ)A2n++(y, R1)A
2m+1
+− (z, R2)
φ
(2n+1,2m)
++− (x
µ)A2n+1+− (y, R1)A
2m
++(z, R2)
)
, (126)
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φ+−+(x
µ, y, z) =
∞∑
n=0
∞∑
m=0
(
φ
(2n,2m+1)
+−+ (x
µ)A2n++(y, R1)A
2m+1
−+ (z, R2)
φ
(2n+1,2m+2)
+−+ (x
µ)A2n+1+− (y, R1)A
2m+2
−− (z, R2)
)
, (127)
φ+−−(x
µ, y, z) =
∞∑
n=0
∞∑
m=0
(
φ
(2n,2m+2)
+−− (x
µ)A2n++(y, R1)A
2m+2
−− (z, R2)
φ
(2n+1,2m+1)
+−− (x
µ)A2n+1+− (y, R1)A
2m+1
−+ (z, R2)
)
, (128)
φ−++(x
µ, y, z) =
∞∑
n=0
∞∑
m=0
(
φ
(2n+1,2m)
−++ (x
µ)A2n+1−+ (y, R1)A
2m
++(z, R2)
φ
(2n+2,2m+1)
−++ (x
µ)A2n+2−− (y, R1)A
2m+1
+− (z, R2)
)
, (129)
φ−+−(x
µ, y, z) =
∞∑
n=0
∞∑
m=0
(
φ
(2n+1,2m+1)
−+− (x
µ)A2n+1−+ (y, R1)A
2m+1
+− (z, R2)
φ
(2n+2,2m)
−+− (x
µ)A2n+2−− (y, R1)A
2m
++(z, R2)
)
, (130)
φ−−+(x
µ, y, z) =
∞∑
n=0
∞∑
m=0
(
φ
(2n+1,2m+1)
−−+ (x
µ)A2n+1−+ (y, R1)A
2m+1
−+ (z, R2)
φ
(2n+2,2m+2)
−−+ (x
µ)A2n+2−− (y, R1)A
2m+2
−− (z, R2)
)
, (131)
φ−−−(x
µ, y, z) =
∞∑
n=0
∞∑
m=0
(
φ
(2n+1,2m+2)
−−− (x
µ)A2n+1−+ (y, R1)A
2m+2
−− (z, R2)
φ
(2n+2,2m+1)
−−− (x
µ)A2n+2−− (y, R1)A
2m+1
−+ (z, R2)
)
, (132)
where
A2n++(y, R1) =
1√
2δn,0piR1
cos
2ny
R1
, (133)
A2n+1+− (y, R1) =
1√
piR1
cos
(2n+ 1)y
R1
, (134)
A2n+1−+ (y, R1) =
1√
piR1
sin
(2n+ 1)y
R1
, (135)
A2n+2−− (y, R1) =
1√
piR1
sin
(2n+ 2)y
R1
. (136)
Similarly, we define A2n++(z, R2), A
2n+1
+− (z, R2), A
2n+1
−+ (z, R2), A
2n+2
−− (z, R2).
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Appendix B
For a generic bulk field φ(xµ, y, z), we can define three parity operators P y, P z and
P y
′
, respectively
φ(xµ, y, z) → φ(xµ,−y, z) = P yφ(xµ, y, z) , (137)
φ(xµ, y, z) → φ(xµ, y,−z) = P zφ(xµ, y, z) , (138)
φ(xµ, y′, z′) → φ(xµ,−y′, z′) = P y′φ(xµ, y′, z′) . (139)
Denoting the field with (P y, P y
′
, P z)=(±,±,±) by φ±±±, we obtain the following
KK mode expansions
φ+++(x
µ, y, z) =
∞∑
n=0
∞∑
m=0
1√
2δm,0piR2
φ
(2n,m)
+++ (x
µ)A2n++(y, R1) cos
mz
R2
, (140)
φ++−(x
µ, y, z) =
∞∑
n=0
∞∑
m=0
1√
piR2
φ
(2n,m+1)
++− (x
µ)A2n++(y, R1) sin
(m+ 1)z
R2
, (141)
φ+−+(x
µ, y, z) =
∞∑
n=0
∞∑
m=0
1√
2δm,0piR2
φ
(2n+1,m)
+−+ (x
µ)A2n+1+− (y, R1) cos
mz
R2
, (142)
φ+−−(x
µ, y, z) =
∞∑
n=0
∞∑
m=0
1√
piR2
φ
(2n+1,m+1)
+−− (x
µ)A2n+1+− (y, R1) sin
(m+ 1)z
R2
,(143)
φ−++(x
µ, y, z) =
∞∑
n=0
∞∑
m=0
1√
2δm,0piR2
φ
(2n+1,m)
−++ (x
µ)A2n+1−+ (y, R1) cos
mz
R2
, (144)
φ−+−(x
µ, y, z) =
∞∑
n=0
∞∑
m=0
1√
piR2
φ
(2n+1,m+1)
−+− (x
µ)A2n+1−+ (y, R1) sin
(m+ 1)z
R2
,(145)
φ−−+(x
µ, y, z) =
∞∑
n=0
∞∑
m=0
1√
2δm,0piR2
φ
(2n+2,m)
−−+ (x
µ)A2n+2−− (y, R1) cos
mz
R2
, (146)
φ−−−(x
µ, y, z) =
∞∑
n=0
∞∑
m=0
1√
piR2
φ
(2n+2,m+1)
−−− (x
µ)A2n+2−− (y, R1) sin
(m+ 1)z
R2
.(147)
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Appendix C
For a generic bulk field φ(xµ, y, z), we can define four parity operators P y, P z, P y
′
and P z
′
, respectively
φ(xµ, y, z) → φ(xµ,−y, z) = P yφ(xµ, y, z) , (148)
φ(xµ, y, z) → φ(xµ, y,−z) = P zφ(xµ, y, z) , (149)
φ(xµ, y′, z′) → φ(xµ,−y′, z′) = P y′φ(xµ, y′, z′) , (150)
φ(xµ, y′, z′) → φ(xµ, y′,−z′) = P z′φ(xµ, y′, z′) . (151)
Denoting the field with (P y, P y
′
, P z, P z
′
)=(±,±,±,±) by φ±±±±, we obtain the
following KK mode expansions
φ++++(x
µ, y, z) =
∞∑
n=0
∞∑
m=0
φ
(2n,2m)
++++ (x
µ)A2n++(y, R1)A
2m
++(z, R2) , (152)
φ+++−(x
µ, y, z) =
∞∑
n=0
∞∑
m=0
φ
(2n,2m+1)
+++− (x
µ)A2n++(y, R1)A
2m+1
+− (z, R2) , (153)
φ++−+(x
µ, y, z) =
∞∑
n=0
∞∑
m=0
φ
(2n,2m+1)
++−+ (x
µ)A2n++(y, R1)A
2m+1
−+ (z, R2) , (154)
φ++−−(x
µ, y, z) =
∞∑
n=0
∞∑
m=0
φ
(2n,2m+2)
++−− (x
µ)A2n++(y, R1)A
2m+2
−− (z, R2) , (155)
φ+−++(x
µ, y, z) =
∞∑
n=0
∞∑
m=0
φ
(2n+1,2m)
+−++ (x
µ)A2n+1+− (y, R1)A
2m
++(z, R2) , (156)
φ+−+−(x
µ, y, z) =
∞∑
n=0
∞∑
m=0
φ
(2n+1,2m+1)
+−+− (x
µ)A2n+1+− (y, R1)A
2m+1
+− (z, R2) , (157)
φ+−−+(x
µ, y, z) =
∞∑
n=0
∞∑
m=0
φ
(2n+1,2m+1)
+−−+ (x
µ)A2n+1+− (y, R1)A
2m+1
−+ (z, R2) , (158)
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φ+−−−(x
µ, y, z) =
∞∑
n=0
∞∑
m=0
φ
(2n+1,2m+2)
+−−− (x
µ)A2n+1+− (y, R1)A
2m+2
−− (z, R2) , (159)
φ−+++(x
µ, y, z) =
∞∑
n=0
∞∑
m=0
φ
(2n+1,2m)
−+++ (x
µ)A2n+1−+ (y, R1)A
2m
++(z, R2) , (160)
φ−++−(x
µ, y, z) =
∞∑
n=0
∞∑
m=0
φ
(2n+1,2m+1)
−++− (x
µ)A2n+1−+ (y, R1)A
2m+1
+− (z, R2) , (161)
φ−+−+(x
µ, y, z) =
∞∑
n=0
∞∑
m=0
φ
(2n+1,2m+1)
−+−+ (x
µ)A2n+1−+ (y, R1)A
2m+1
−+ (z, R2) , (162)
φ−+−−(x
µ, y, z) =
∞∑
n=0
∞∑
m=0
φ
(2n+1,2m+2)
−+−− (x
µ)A2n+1−+ (y, R1)A
2m+2
−− (z, R2) , (163)
φ−−++(x
µ, y, z) =
∞∑
n=0
∞∑
m=0
φ
(2n+2,2m)
−−++ (x
µ)A2n+2−− (y, R1)A
2m
++(z, R2) , (164)
φ−−+−(x
µ, y, z) =
∞∑
n=0
∞∑
m=0
φ
(2n+2,2m+1)
−−+− (x
µ)A2n+2−− (y, R1)A
2m+1
+− (z, R2) , (165)
φ−−−+(x
µ, y, z) =
∞∑
n=0
∞∑
m=0
φ
(2n+2,2m+1)
−−−+ (x
µ)A2n+2−− (y, R1)A
2m+1
−+ (z, R2) , (166)
φ−−−−(x
µ, y, z) =
∞∑
n=0
∞∑
m=0
φ
(2n+2,2m+2)
−−−− (x
µ)A2n+2−− (y, R1)A
2m+2
−− (z, R2) . (167)
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